The length of a pseudo-shock was estimated with a new momentum balance model. In this simple model, it is presumed that there is no wall friction in the region of the pseudo-shock. Inflow conditions are specified at a boundary sufficiently upstream of the pseudo-shock. The outflow boundary condition is applied with, for example, specified pressure or choking. The outflow impulse function is balanced with the inflow impulse function, the wall friction upstream of the pseudo-shock, and the reaction force from the wall. The starting position of the pseudo-shock is determined through balance of the forces in this model, and the length of the pseudo-shock is also determined. The model was applied to several kinds of flow fields, for example, straight ducts with and without a backward-facing step, and divergent ducts. The model was also applied to the diffuser of an ejector-jet, in which two gases flowed in parallel. The calculated results reasonably agreed with the experimental results within the scope of preliminary application. The starting position of the pseudo-shock was primarily dominated by the reaction force in the divergent duct. Several features of the pseudo-shock were discussed with the present model. (7) and (17) a = papameter of Eq. (7) B = parameter of Eqs. (7) and (17) 2 JAXA Research and Development Report JAXA-RR-06-037E e = outflow f = friction i = inflow p = pseudo-shock, state at the exit of pseudo-shock r = reaction step = step t = total th = throat w = wall 1 = upstream of pseudo-shock, entrance, primary flow 1b = after bleeding and upstream of pseudoshock 2 = downstream of pseudo-shock, secondary flow
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I. Introduction
The pseudo-shock which generally appears in the deceleration process from supersonic to subsonic flow in a duct has been studied.
1,2 Figure 1 shows a schematic diagram of a flow field with a pseudo shock. Supersonic flow enters a duct. Some boundary condition is applied at the exit, for example, a static pressure condition or a choking condition. When the pressure at the exit of the duct is high, a pseudo-shock is produced in the duct. Such a flow field appears in supersonic devices, that is, diffusers of the supersonic wind tunnel, diffusers of the ramjet engine and the ejector-jet engine, and isolator/combustors of the scramjet engine and the dual-mode engine. In the diffusers of the wind tunnel, the static pressure condition is usually applied at the exit. In the engines, the choking condition is applied. The shock waves interact with the inflow boundary layer, and the layer separates from the wall surface or becomes thicker. Herein, the region of the pseudoshock is from the beginning of the interaction to the position at the maximum pressure, that is, the region where the separation can exist. Downstream of the maximum pressure point, the separated flow will be attached again. In the region of the pseudo-shock, flow was separated from the wall, and there was little or negative friction force on the wall surface. [3] [4] [5] [6] In some papers, 4,5 separation was not reported, but quick thickening of the boundary layer in the region of the pseudo-shock was reported. In such case, friction in the pseudo-shock would be decreased, even though there is no separation. The friction force comes into play in the attached flow upstream and downstream of the pseudo-shock. The flow field is complicated, including supersonic flow, subsonic flow and transonic flow.
There are several analytical models of the pseudoshock. 2, [7] [8] [9] Crocco proposed a shockless model. 2 In his model, the dissipative region spreads toward the isentropic region. He tried to estimate local pressure in the pseudo-shock by a ratio of the dissipation region. The model did not show the location of the local pressure or the length of the pseudo-shock. As for the length of the pseudo-shock, many researchers tried to present a way of estimation of the length. Ikui and others have presented modifications 7, 8 to the Crocco model and have estimated length of the pseudo-shock. Zimont and Ostras have also presented a modification 9 of the Crocco model. In these modified models, the region investigated is limited to that within the pseudo-shock. The length of the pseudo-shock was attained from analysis of the flow structure in the pseudo-shock in these models. Empirical universal equations have been presented for a straight cylindrical duct 10 and a rectangular straight duct.
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These equations show good agreement with experimental results. In the divergent duct, no universal empirical equation has been attained. Only specific equations for some test results were attained.
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In a flow field with a pseudo-shock, the downstream boundary condition is specified with, for example, pressure or choking at the exit of the duct. When pressure is specified at the exit, Mach number is uniquely determined as follows under conservation of mass flow rate and energy. Then, impulse function is also determined at the exit.
(2)
When choking condition is applied to the downstream boundary, the impulse function is determined, as can be seen at M = 1 in Eq. (2) .
Supersonic flow enters from the upstream boundary. When the mass flow rate and the total energy are conserved, the impulse function at the exit is different from that at the entrance of the duct. The force should be balanced with the friction force on the wall and the reaction force in the divergent duct irrespective of the flow structure inside the pseudoshock. In the straight duct, the force balance is achieved by only the friction force.
In the present paper, a new one-dimensional, analytical model is presented for the estimation of the length of the pseudo-shock. In this model, the upstream boundary is set sufficiently upstream of the pseudo-shock. For the force balance, the upstream and the downstream regions of the pseudo-shock are included in discussion. In the previous analytical models, only the inside flow structure of the pseudoshock was studied, but these regions are not included in specifying process of the length of the pseudoshock. In the present model, friction on the wall in the pseudo-shock is presumed to be nil. The length of the pseudo-shock is estimated by inflow and outflow momentum balance. The length of the pseudo-shock is studied from the outside of the pseudo-shock here. This model can be applied to a divergent or convergent duct, as well as a straight duct.
The characteristics of the pseudo-shock are also discussed, based on the present modeling of the flow field. Backward-facing step is adopted for suppression of upstream extension of the pseudo-shock in some supersonic devices, for example, the scramjet engine. Its effectiveness is examined from the viewpoint of momentum balance. For the scramjet engine, required length of the isolator between the inlet and the combustor is also examined. Effects of height of the boundary layer, pressure at the exit of the duct, throttling and bleeding on the starting position of the pseudo-shock are also examined from the viewpoint of the momentum balance.
II. Features of the Model and the Calculation
Procedure Figure 2 shows a schematic of the present onedimensional model. In this model, the upstream boundary is sufficiently upstream of the pseudo-shock, and the inflow conditions are specified there. Friction on the wall in the pseudo-shock is presumed to be nil; friction is nil in the duct with a length of L p . It is difficult to specify the end position of the pseudoshock in the divergent duct. 13 Here, the end position of the pseudo-shock is set at the end of the pressure increase in the duct. In the region with an adverse pressure gradient, separation may exist. Even if the flow is not separated, friction force will be small. In the present model, the starting position of the pseudo-shock depends on the balance among the inflow impulse function, F i , the outflow impulse function, F e , the frictions of the attached flow upstream of the pseudo-shock, f f1 and downstream of the shock, f f2 , and the reaction forces from the wall upstream of the pseudo-shock, f r1 and in the pseudoshock, f rp . This document is provided by JAXA.
This relation stands up when friction on the wall in the pseudo-shock is sufficiently small, irrespective of the flow structure in the pseudo-shock. When the downstream boundary is given at the end of the pseudo-shock, that is, when L f2 = 0, this model can be simplified as below:
Force balance is attained between the entrance and the exit of the flow field by changing the starting position of the pseudo-shock, namely, the length of the duct upstream of the pseudo-shock, L f1 . Both the reaction force, f r1 + f rp , and the friction force between the upstream boundary and the pseudo-shock, f f1 , change due to the starting position of the pseudoshock. When the duct is straight, the model is further simplified due to lack of reaction force from the wall.
The length of the pseudo-shock in the divergent duct or the straight duct, L p , is calculated with the total length of the duct length, L t , and length of the attached flow upstream of the pseudo-shock, L f1 , as follows.
When the downstream straight duct is not omitted, namely, L f2 > 0, another condition is necessary to specify the length of the pseudo-shock in the flow field. The previous models for prediction of the length of the pseudo-shock were constructed based on the inside flow structure of the pseudo-shock, whereas the present model does not include modeling of this structure. Pressure distribution in the pseudo-shock would be specified from the flow structure inside the pseudo-shock. However, two pressures, that is, the pressure at the staring position and the pressure at the end of the pseudo-shock, are specified or attained in the present model. Therefore, the pressure in the pseudo-shock is linearly interpolated here. The way in which the pressure distribution is modeled in the pseudo-shock affects f rp and L p in the divergent duct but does not affect L p in the straight duct.
This model can be applied to the pseudo-shock with separation. Therefore, inflow supersonic flow should be faster than about Mach 1.5. Below this Mach number, separation is not produced and the flow field does not contain a pseudo-shock. 2 This model cannot be applied to a shock-train, either, in which flow is supersonic at the exit of the duct and properties are generally not uniform on the exit plane.
1
Flow condition at the end of the pseudo-shock is calculated with conservation of mass, energy, and impulse function. The condition is different from that behind the normal shock in the inviscid flow because of a decreased impulse function due to the boundary layer upstream of the pseudo-shock. In this model, there is no friction on the wall in the region of the pseudo-shock. For example, when the duct is straight, the impulse function at the starting position of the pseudo-shock is the same as that at the end of the pseudo-shock. Thus, the pressure at the end of the pseudo-shock agrees with the pressure behind the normal shock, including the decrease of the inflow impulse function by the boundary layer.
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III. Results and Discussion
In this chapter, first, the lengths of a pseudo-shock calculated with the present model are compared with the measured ones in ducts of simple configuration such as straight ducts and divergent ducts. Next, this model is applied to a dual-mode combustor and a diffuser of an ejector.
A. Pseudo-Shock in a Straight Duct
Specified pressure is frequently applied as a downstream boundary condition in the tests of a pseudo-shock. Length of the pseudo-shock was calculated under specification of pressure at the downstream boundary and compared with the experimentally measured one. The upstream boundary condition was specified at some position apart from the pseudo-shock, for example, the exit of the supersonic facility nozzle. The maximum pressure at the end of the pseudo-shock was specified as the downstream boundary condition. When pressure at the exit of the duct was largest, the pressure was the downstream boundary condition. The length of the pseudo-shock was from the position where pressure began to increase from pressure of the free stream to the position at the largest pressure (Fig. 2) . Friction upstream of the pseudo-shock was calculated with a formula of van Driest. 
In the experiments of Sullins and McLafferty, 11 the Mach number of the inflow air was 2.0, and the duct was a square measuring 0.8 inch by 0.2 inch. In their experiments, three kinds of wall geometry were adopted: no step, a 0.05-inch backward-facing step, and a 0.1-inch step. When the steps were located upstream of the pseudo-shock, the base pressure at the step was estimated with an empirical equation. 16 In the present model, two pressures, that is, the pressure at the starting position and the pressure at the end of the pseudo-shock, are specified. Therefore, when the step was in the pseudo-shock, as shown in Fig. 4 ., the base pressure, P step , was calculated using linear interpolation, as below:
In the experiments of Neumann and Lustwerk, 17 the throat and the nozzle exit diameters were specified. The pressure at the exit of the supersonic nozzles was 0.002 and 0.003, being normalized with total pressure. 
Comparison of calculated length of pseudoshock with measured length in straight ducts. The length of the pseudo-shock can be estimated with the diffusion model of Eq. (14) 7 and the empirical equation of Eq. (15) 10,11 as below. (14) (15)
Most of the lengths calculated with the diffusion model of Eq. (14) were larger than the measured ones, and the correlation coefficient was 0.50. Most of the lengths predicted with the empirical equation of Eq. (15) were larger than the measured ones, and the correlation coefficient was 0.23. The lengths calculated with the empirical equation were much smaller than the measured ones of Penzin. This was caused by the thin momentum thickness in his experiments. In the calculation of the lengths with the diffusion model or the empirical equation, the reaction force at the step was not included. This is one of the reasons for the disagreement in the results of the two methods.
The calculated results are affected by the friction coefficient. Here, the formula of van Driest was used. When the formula of White 19 was used, the friction coefficient was smaller by about 10%, and the length of the pseudo-shock was shorter. Therefore, which formula should be adopted is problematic. The formula of White is as below.
The Reynolds number also affects the length of the pseudo-shock through the friction coefficient. Most of the measured lengths were larger than 7 in Fig. 3 . The pseudo-shock is composed of oblique and normal shock waves, so a supersonic flow would require some distance to become a subsonic flow.
B. Effect of Backward-Facing Step on Starting
Position of Pseudo-Shock A backward-facing step is used as a flame holding in the scramjet combustor and the dual-mode combustor. The step is also used in the combustor to suppress upstream extension of the pseudo-shock, as well as to hold flame. The starting positions of the pseudo-shock expected to stay at the step for some increase of pressure at the duct exit and this effect of the step on the pseudo-shock has been investigated. 11, 20 However, the effectiveness of the step was not proved in the experiments and the reason has not been made clear. The effect of the backwardfacing step on the starting position of the pseudoshock is discussed here from the viewpoint of the momentum balance.
The lengths of the pseudo-shock in the flow with the step predicted by the present model are plotted in Fig. 3 as the results of Sullins and McLafferty. 11 In their experiments, the inflow Mach numbers were 2 or 2.85. The ratios of the step height to the duct height upstream of the step were 0.125 or 0.25. The ratio of the pressure at the end of the pseudo-shock to that of the inflow was up to 4. In the experiments of Matsuura, et al., the inflow Mach number was 2.3 and the ratios of the heights were from 0.05 to 0.4. The ratio of the pressures was up to 5. 20 Figure 4 shows the condition that the starting position of the pseudo-shock locates upstream of the step. When there is a backward-facing step upstream of the pseudo-shock, pressure at the step, P step , is usually much lower than pressure of the primary flow, P 1 . 16 Therefore, the increase of the impulse function, A step ⋅P step , is small in comparison with the function of the inflow. On the other hand, the increase of the impulse function due to the area increase of A step at the exit of the duct, that is, the end of the pseudo-shock, A step ·P p , is larger than the increase at the step of A step ⋅P step because of the greatly higher pressure at the exit of the pseudo-shock, P p , than the pressure at the step, P step . The difference in the increase of the impulse function of A·P between the step and the exit, (A step ·P p -A step ⋅P step ), should be in the same order of the magnitude of the friction upstream of the pseudoshock to match the inflow and outflow impulse functions.
The above discussion is expressed in equations as
follows. The flow is subsonic at the exit of the pseudoshock, and the Mach number, M p , is lower than unity. A ratio of the momentum to the pressure force is lower than unity.
The impulse function of the duct with no step is expressed as follows.
The impulse function of the duct with the step is expressed as follows.
By equating the right-hand terms of Eqs. (19) and (20), the frictions of the duct with no step and the duct with the step are related as follows.
Here,
Therefore, in order to reduce friction, the starting position of the pseudo-shock shifts further upstream than the position in the flow with no step. The backward-facing step is not effective to suppress upstream extension of the pseudo-shock.
When there is step, the starting position of the pseudo-shock reaches the step position with a smaller increase of the exit pressure than the increase in a duct with no step. Once the starting position of the pseudoshock is at the step, the starting position stays at the step and the pressure at the step increases with the increase of the exit pressure in order to match the impulse function at the step position with the outflow impulse function.
When the backward-facing step is in the pseudoshock or downstream of the shock, the pressure at the step, P step , is close to that at the exit of the pseudoshock, P p . The increase of the impulse function downstream of the step, A step ⋅P step , is also close to the increase at the exit of the pseudo-shock, A step ·P p . Therefore, the starting position of the pseudo-shock is located almost at the same position as in the flow with no step. When the backward-facing step is in the pseudo-shock or downstream of the shock, the backward-facing step does not affect the starting position of the pseudo-shock significantly.
The above discussion is expressed in equations as follows. When the step is in the pseudo-shock, a ratio of pressure at the step to that at exit of the pseudoshock is almost unity, differing from the ratio of Eq. (22) in which the step is located upstream of the pseudo-shock. (23) Then, the frictions are related as follows, differing from the relation expressed in Eq. (21). (24) Therefore, the starting position of the pseudo-shock is located almost at the same position as in the flow with no step.
The experimental results 11, 20 showed the features discussed here although the suppression of the upstream extension of the pseudo-shock was expected by the step. Figure 5 shows a comparison of the lengths of a pseudo-shock calculated with the present model and the ones measured in the divergent duct. Here, the end position of the pseudo-shock was at the end of the pressure increase in the duct. The length of the pseudo-shock, L p , is normalized with the length of the divergent duct, L div . In the divergent duct, the diameter at the entrance is different from that at the exit, and the mean diameter for the pseudo-shock depends on its starting position. So, the length of the divergent duct is used for normalization, though the hydraulic diameter is used in the straight duct. When the length is larger than the length of the divergent duct, the starting position of the pseudo-shock is in the straight duct upstream of the divergent duct. The inflow air expands isentropically from the entrance to the pseudo-shock. 
C. Pseudo-Shock in a Divergent Duct
In the present model, two pressures, that is, the pressure at the starting position and the pressure at the end of the pseudo-shock, are attained or specified. Therefore, linear wall pressure distribution is presumed in the pseudo-shock, and reaction force in the pseudo-shock is calculated with this pressure. In the experiments of Penzin, 12 three Mach numbers were adopted. In his test, a square duct was set in the inviscid core flow of the wind tunnel. The divergent angle was 0.5, 1.0, 2.0, or 3.0 degrees. In the experiments of Ikui and others, 13 the inflow Mach number was 1.8, and the divergent half angle was 2.2 or 4.2 degrees. When the starting position of the pseudo-shock was around the entrance of the divergent duct, the lengths calculated with the present model were larger than measured ones. However, the calculated values showed smaller disagreement with the measured ones when the starting position of the pseudo-shock was within the divergent duct, that is, L p /L div < 1. This simple model will be useful for, e.g., preliminary design of a diffuser, when L p /L div < 1. The correlation coefficient was 0.75. Figure 6 shows the ratio of calculated friction force to calculated reaction force, f f1 /(f r1 +f rp ), in the divergent duct when the calculated length of the pseudo-shock was shorter than the length of the divergent duct. Since the present model presumes no friction in the pseudo-shock, the friction force became smaller than the reaction force with the increase of the length of the pseudo-shock. Since the estimated lengths of the pseudo-shock approximately agreed with the measured ones, the estimated ratios of the forces probably agree with the actual ratios. As the pseudo-shock becomes longer, the reaction force in the pseudo-shock is significantly larger than the friction force. When the pseudo-shock covers most of the divergent duct, the length of the pseudo-shock is primarily specified with the reaction force from the wall in the pseudo-shock. Therefore, choice of formula on the friction coefficient or the Reynolds number within the turbulent boundary layer is not a dominant problem in the divergent duct, nor is choice of method to calculate the reaction force upstream of the pseudo-shock, for example, the one-dimensional flow model, the Prandtl-Meyer function, or the method of characteristics.
The accuracy of the length of the pseudo-shock is not affected in the straight duct by the pressure distribution, whereas it is affected in a divergent duct. The accuracy can be improved by modeling of the pressure distribution of the pseudo-shock in a divergent duct, and further study of the flow structure in the pseudo-shock is necessary. In the present study, the end of the pseudo-shock was presumed at the end of the pressure increase, since it is difficult to specify the end position of the pseudoshock in the divergent duct, as mentioned at the beginning of Chapter II. When the separation and the pseudo-shock are over upstream of the end of the divergent duct, the attached subsonic gas still flows in the divergent duct with the increase of pressure. Equation (25) shows a relation between an area ratio and a ratio of pressure of a subsonic flow to its total pressure in an isentropic change, and Figure 7 shows the pressure ratio of the subsonic flow in a divergent duct. A Mach number of the flow is also plotted.
In this sample calculation, the ratio of the total pressure to the static pressure of the flow at the exit is 1.1. At this condition, the Mach number is 0.37 at the exit. The pressure gradually increases with an increase of the area ratio. At that time, friction also works in the divergent duct downstream of the pseudo-shock, that is, in the attached flow area, even under the condition of the pressure increase, and the total friction force is larger than the value presumed in the present model calculation. This flow condition will affect the accuracy of the model calculation. This should be included in the study of the modeling of the pressure distribution of the pseudo-shock in a divergent duct.
D. Flow Field Downstream of Pseudo-Shock
When a long straight duct is used for tests, the end of the pseudo-shock, namely, the point with the highest pressure, may appear in the middle of the duct and pressure decreases to the value at the downstream boundary. Downstream of the shock, the boundary layer would become reattached to the duct wall, and the friction force would again come into play. Figure 8 shows calculated results of the shear stress downstream of the pseudo-shock in comparison with the shear stress at the end of the supersonic facility nozzle. The friction coefficient downstream of the shock was calculated with a curve-fit equation. 21 The flow conditions were based on the experimental results of Neumann and Lustwerk 17 and Merkli. 18 The stress was the average of the stress at the end of the pseudo-shock and the stress at the exit of the duct. The shear stress in the downstream subsonic region was about half of that in the upstream supersonic region. When L f2 is not short, the effect of friction downstream of the pseudo-shock, f f2 , must be included in the force balance. The friction works in the region with the length of L f2 . Though another condition is required to specify the length of L f2 , it has not been found yet. In the present study, this momentum balance model is applied only to a flow field in which L f2 is short.
E. Dual-Mode Combustor
This model was applied to dual-mode combustion tests. 22 In the dual-mode engine, an isolator is installed between the inlet and the combustor to isolate high pressure in the combustor from the inlet. Supersonic airflow from the inlet is decelerated to subsonic velocity through the pseudo-shock in the isolator in the ramjet mode. 23 Generally, the isolator is a straight duct and optimization of its length is required in the design of the engine. Figure 9 shows a schematic diagram of the experimental facility. Mach 2.5 air heated by a vitiation heater flowed into the duct. Total temperature and total pressure were 800 K and 1.0 MPa, respectively. Hydrogen fuel was injected into the subsonic airflow at sonic speed perpendicular to the wall from injector 1 or injector 6. Due to the location of the fuel injection, two kinds of the ramjet mode were attained, namely, the normal ramjet mode and the downstream-combustion ramjet mode. 24 In the normal ramjet mode, airflow was decelerated in the isolator through the pseudo-shock, and fuel was injected from injector 1. Combustion gas choked thermally at the exit of the upstream straight duct. In the downstream-combustion ramjet mode, airflow was decelerated in the divergent duct and fuel was injected from injector 6. Combustion gas choked thermally at the exit of the downstream straight duct. In the calculation, combustion gas was in the equilibrium condition. The friction coefficient in the upstream supersonic region of L f1 was calculated with the formula of White. 19 In the region of the pseudoshock, no fuel was presumed. In the experiments, it was found that the injected fuel did not flow upstream significantly in the pseudo-shock. 22 The highest pressure at the end of the pseudo-shock was the downstream boundary condition in the normal ramjet mode. The highest pressure was specified with combustion efficiency. Combustion gas choked thermally at the exit of the upstream straight duct under the presumed efficiency. In the downstreamcombustion ramjet mode, the downstream boundary condition was characterized by choking at the exit. The portion of the duct between the fuel injector and the exit of the duct was short, so friction downstream of the pseudo-shock, f f2 , namely, friction in the L f2 region, was omitted in the calculation. Figure 10 shows distributions of the measured and the calculated pressures in the normal ramjet mode. The origin of the x axis is at the step. In the experiment, maximum pressure was attained in the vicinity of the fuel injector. The starting position of combustion was set at the fuel injector location in the calculation. Combustion efficiency was estimated to be 0.75 based on the measured peak pressure. Combustion gas choked thermally at the end of the straight duct, indicated as 'throat' in the figure. The calculated pressures at the starting position and at the end of the pseudo-shock were connected linearly, because only two pressure values were attained or specified. The starting position of the pseudo-shock predicted by the present model reasonably agreed with that in the test. Fig. 9 Schematic of dual-mode combustor.
From the balance of the momentum, the following feature of the dual-mode combustor is clarified. The impulse function at the choking condition is expressed as follows with Eq.(2).
(26)
When the impulse function at the exit of the combustor under the choking condition is larger than the impulse function of the inflow air, the engine cannot keep the pseudo-shock in an isolator of any length. The largest thrust is attained when the function under the choking condition is the same as that of the inflow air to the isolator. Thus, under this condition, the starting position of the pseudo-shock is at the entrance of the isolator. Figure 11 shows distributions of the measured and the calculated wall pressures in the downstreamcombustion ramjet mode. In the experiment, fuel was injected from injector 6. In the present calculation, the chemically equilibrium condition was presumed to calculate gas properties and distribution of combustion efficiency was not presumed. Therefore, the combustion position was set at the junction of the divergent duct and the downstream straight duct, located downstream of injector 6. Combustion efficiency was set to be 0.90 based on the measured combustion efficiency. 22 From this efficiency, total temperature of the combustion gas was calculated with the experimentally measured mass flow rates of the gases. With the choking condition, the impulse function of the outflow combustion gas was calculated with Eq. (26) . The impulse function of the subsonic mixture was equal to the impulse function of the combustion gas at the junction of the ducts. This impulse function and the pressure of the mixture were calculated with Eqs. (1) and (2). This pressure of the mixture is the maximum pressure at the exit of the pseudo-shock. The calculated pressures at the starting position and at the end of the pseudo-shock were connected linearly, because the two pressures were attained or specified with the present model. Two methods for estimating the reaction force in the divergent duct upstream of the pseudo-shock were examined. In one, pressure was calculated onedimensionally and isentropically. The result is indicated as 1-D in the figure. In another, pressure was calculated with the two-dimensional Prandtl-Meyer function. The result is indicated as P-M. f rp was calculated with the pressure at the starting position of the pseudo-shock and the pressure at the end, presuming a linear distribution of wall pressure. Downstream of the step, the pressure, being calculated with the empirical equation, 16 decreased due to expansion. In the experiment, combustion commenced at the injector position of x = 433 mm and the pressure began to decrease, though the cross section further increased until the end of the divergent section. The heat release position moved downstream in the calculation, and the starting position of the pseudoshock also shifted downstream approximately the same distance. The calculated pressure at the end of the pseudo-shock reasonably agreed with the measured highest pressure, as well as the length of the pseudo-shock. In this simulation, the downstream boundary condition was characterized by choking at the exit. With the present model, it was possible to predict the pseudo-shock pressure.
The starting position of the pseudo-shock calculated with the one-dimensional model was close to that calculated with the Prandtl-Meyer function. There was no large difference in reaction forces between the two results because the reaction force was primarily affected by higher pressure and larger area of the pseudo-shock.
F. Diffuser of Ejector
In the ejector, the primary supersonic flow and the secondary subsonic flow are mixed and decelerated through the pseudo-shock. The present model was applied to this two-flow condition. In aerodynamic experiments of the ejector-jet, a choking condition was applied at the exit of the duct by throttling, which simulated subsonic combustion and subsequent choking.
25 Figure 12 shows a schematic of the test model. The primary flow was Mach 2.4 air and the secondary flow was subsonic nitrogen. In the calculation, the primary flow and the secondary flow were assumed to interact downstream of the nozzles and flow in parallel under the same pressure with no mixing. Friction was calculated under this condition after the interaction upstream of the pseudo-shock. The friction coefficient was calculated with the formula of van Driest. 15 The flows mixed through the pseudo-shock, decelerated and choked at the throat by throttling. The impulse function at the end of the pseudo-shock upstream of the throat was calculated in the isentropic process with the properties at the throat under the choking condition. f f1 was determined to keep balance of the inflow and outflow impulse functions. Figure 13 shows experimental and calculated distributions of pressure. The subsonic secondary flow choked aerodynamically in the test section downstream of the nozzle exit. The ratio of the total pressure of the secondary flow to that of the primary flow, P t2 /P t1 , was 0.04. The ratio of the area of the secondary flow to that of the primary flow, A 2 /A 1 , was 0.81. The ratio of the downstream throat height to that of the primary flow, H th /H 1 , was 1.56 under the throttling condition. In the experiments, pressure was measured on the primary-flow sidewall. Figure 14 shows the results when A 2 /A 1 = 0.57. P t2 /P t1 and H th /H 1 were the same as those of Fig.13 . The calculated pressures at the staring position and at the end of the pseudo-shock were connected linearly, because the two pressures were attained or specified in the present model. The lengths of the pseudo-shock reasonably agreed with those of the experiment. Here, specified pressure was not applied to the downstream boundary, but the choking condition was applied. The pressures at the end of the pseudo-shock also reasonably agreed with the measured pressures. The pressure at the end of the pseudo-shock corresponds to the pressure behind the normal shock of the mixed flow including the effect of the boundary layer.
14 This model will be useful for preliminary design of a diffuser of the ejector system.
G. Starting Position of the Pseudo-Shock (a) Effect of thickness of boundary layer
It is well known that the pseudo-shock becomes longer as the inflow boundary layer becomes thicker. Waltrup and Billig constructed their empirical equation of Eq. (15) in which length of the pseudoshock increases with an increase in the momentum thickness of the inflow boundary layer. 6 This feature is discussed with the momentum balance model in a straight duct as shown in Fig. 1 .
As the inflow boundary layer becomes thicker, the mass flow rate and the impulse function of the inflow become smaller. When pressure is specified at the exit, the outflow impulse function is also specified with conservation of the mass flow rate. Figures 15 (a) and (b) show sample calculation results. The normalized impulse function at the exit of the straight duct, F e /F i , is plotted in relation to the normalized height of the inflow boundary layer. F i included the effect of the inflow boundary layer. Mach numbers of the inflow air in the inviscid core flow were 4 and 2. The ratios of pressure specified at the exit, P e , to that at the entrance, P i , were 14 at Mach 4, and 3.8 at Mach 2. The 1/7 power-law velocity distribution was presumed in the boundary layer. As the height of the inflow boundary layer increased, the outflow impulse function approached the inflow impulse function, that is, the difference between the inflow and outflow impulse functions decreased. A smaller decrease of inflow impulse function due to friction was required upstream of the pseudo-shock. In Fig. 15 (b) , L f1 is indicated, being normalized with a hydraulic diameter. The friction coefficient was set to be 0.001. The starting position of the pseudo-shock shifted upstream as the inflow boundary layer thickened. In the present calculations, the normalized heights of the boundary layer smaller than about 0.5 were necessary to locate the pseudo-shock within the duct.
(b) Effect of pressure or throttling at downstream boundary
When the pressure at the exit is the downstream boundary condition and is increased, the Mach number at the exit decreases and the outflow impulse function increases (Eqs. (1) and (2)). Then, the starting position of the pseudo-shock shifts upstream. When choking is applied by throttling as the downstream boundary condition, the outflow impulse function does not change due to the area change at the throat itself, as can be seen in Eq. (2). Throttling increases the ratio of the upstream subsonic sectional area to the throat sectional area and decreases the Mach number upstream of the throat. The throttling increases the impulse function of the subsonic flow upstream of the throat as seen in Eq. (2) with the decrease of the Mach number. Therefore, throttling shifts the starting position of the pseudo-shock upstream.
(c) Effect of bleeding
Bleeding is used to suppress the upstream extension of the pseudo-shock by decreasing thickness of the boundary layer. 1, 26 This effectiveness is explained from the viewpoint of momentum balance here. Figure 16 is a schematic of bleeding in a straight duct. Subscript 1b indicates gas flow after bleeding and upstream of the pseudo-shock. Here, pressure is assigned at the exit of the duct. Mass and force are independent conservation items, respectively. When part of mass is bled perpendicular to the flow direction as shown in Fig. 16 , then the mass flow rate decreases, but the impulse function does not decrease by bleeding.
Here, the starting position of the pseudo-shock is presumed to be at the downstream edge of the bleeding region. . Mach numbers of the inflow air are 4 and 2. The ratios of pressure specified at the exit, P 2 , to that at the entrance, P 1 , were 19 at Mach 4, and 4.7 at Mach 2. These ratios are larger than the ratios across the normal shock, and usually the pseudo-shock cannot stay in the duct with no bleeding.
Due to the decrease of the mass flow rate, the impulse function at the exit decreases when pressure is specified at the exit. That is, the Mach number decreases by bleeding under the assigned pressure condition at the exit, as seen in Eq. (1) . The impulse function is expressed as (30)
As can be seen in Eq. (30), a decrease of Mach number induces a decrease of impulse function under the specified pressure condition. The normalized impulse function decreased to unity as the bleeding rate increased. In Fig. 17 (b) , the length upstream of the pseudo-shock, L f1 , is indicated, being normalized with a hydraulic diameter. The friction coefficient was set to be 0.001. Negative L f1 expresses the condition that the pseudo-shock cannot stay in the duct. In the present calculations, bleeding rates larger than about 0.03 were necessary to locate the pseudo-shock within the duct. Further decrease of the impulse function at the exit permits further decrease of the inflow impulse function by friction in the duct. Bleeding is effective for suppression of upstream extension of a pseudoshock, but the effectiveness is caused by a decrease of the impulse function at the exit of the duct.
IV. Conclusion
The momentum balance model of a flow field with a pseudo-shock was presented. In this simple model, no friction is presumed in the region of the pseudoshock. The outflow impulse function is balanced with the inflow impulse function, friction, and reaction force by adjusting the starting position of the pseudoshock. The length of the pseudo-shock was determined from the adjusted starting position of the pseudoshock. This model cannot be applied to a flow with a Mach number below 1.5 nor to a flow in a long duct. The calculated lengths of the pseudo-shock were compared with the experimental ones in the straight ducts and the divergent ducts. Test results of the ejector were also compared with the results calculated with the present model. One of the two downstream boundary conditions, namely, specified pressure boundary or choking, was applied. The pseudo-shock pressure was also compared under the choking condition.
Calculated results showed reasonable agreement with the experimental results in length and pressure within the scope of preliminary application. In the present study, the end of the pseudo-shock was presumed at the end of the pressure increase. This affects the accuracy of the predicted length of the pseudo-shock as well as the linear interpolation of the pressure distribution in the pseudo-shock, especially in the divergent duct. Several features of the pseudo-shock were also discussed with the present model or from the viewpoint of the momentum balance and the following points were clarified. The backward-facing step is not effective for suppression of upstream extension of the pseudo-shock. The starting position of the pseudoshock is primarily dominated by the reaction force in a divergent duct. The required length of the isolator of the dual-mode engine depends on the balance of the inflow impulse function of air and the outflow function of the combustion gas under choking. Effects of height of the boundary layer, pressure at the exit of the duct, throttling and bleeding on the starting position of the pseudo-shock were also explained from the viewpoint of momentum balance.
